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Abstract

‘We generalize the notion of quasirandomness which concerns a class of
equivalent properties that random graphs satisfy. We show that the con-
vergence of a graph sequence under the spectral distance is equivalent to
the convergence using the (normalized) cut distance. The resulting graph
limit is called graphlets. We then consider several families of graphlets
and, in particular, we characterize quasirandom graphlets with low ranks
for both dense and sparse graphs. For example, we show that a graph
sequence G, for n = 1,2,..., converges to a graphlets of rank 2, (i.e.,all
normalized eigenvalues G, converge to 0 except for two eigenvalues con-
verging to 1 and p > 0) if and only if the graphlets is the union of 2
quasirandom graphlets.

1 Introduction

The study of graph limits originated from quasi-randomness of graphs which
concerns large equivalent families of graph properties that random graphs sat-
isfy. Lovéasz and Sés [37] first considered a generalized notion of quasi-randomness
as the limits of graph sequences. Since then, there have been a great deal of
developments [1, 3, 6, 9, 10, 24, 25, 26, 27, 32, 33, 36, 37, 38, 39, 40, 41, 42, 43]
on the topic of graph limits. There are two very distinct approaches. The
study of graph limits for dense graphs is entirely different from that for sparse
graphs. By dense graphs, we mean graphs on n vertices with cn? edges for some
constant c¢. For a graph sequence of dense graphs, the graph limit is formed by
taking the limit of the adjacency matrices with entries of each matrix associated
with squares of equal sizes which partition [0, 1] x [0,1] (see [38, 39]). Along
this line of approach, the graph limit of a sparse graph sequence converges to
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zero. Consequently, very different approaches were developed for graph limits
of very sparse graphs, mostly with vertex degrees bounded above by a constant
independent of the size of the graph [3, 8, 26].

To distinguish from earlier definitions for graph limits (called, graphons,
graphines, etc.), we will call the graph limits in this paper by the name of
graphlets to emphasize the spectral connection. In the subsequent sections, we
will give a detailed definition for graphlets as the graph limits of given graph
sequences. Although the terminology is sometimes similar to that in differential
geometry, the definitions are along the line of spectral graph theory [13] and
mostly discrete. In addition, the orthogonal basis of the graphlets of a graph
sequence can be used, with additional scaling parameters, to provide a universal
basis for all graphs in the domain (or the union of domains) that we consider.
In this regard, graphlets play a similar role as the wavelets do for affine spaces.

To study the convergence of a graph sequence, various different metrics come
into play for comparing two graphs. For two given graphs, there are many
different ways to define some notion of distance between them. Usually the
labeling map assigns consecutive integers to the vertices of a graph which can
then be associated with equal intervals which partition [0,1]. As opposed to
the definitions in previous work, we will not use the usual measure or metric
on the interval [0,1]. Instead, our measure on [0, 1] will be determined by the
graph sequences that we consider. Before we proceed to examine the distance
between two graphs, we remark that there is a great deal of work on distances
between manifolds [4, 31] via isometric embeddings. Although the details are
obviously different, there are similarities in the efforts for identifying the global
structures of the objects of interest. We are using elements of [0, 1] as labels for
the (blow-up) vertices, similar to the exchangeable probabilistic measures that
were used in [1, 24, 25, 28, 29, 34].

Several metrics for defining distances between two graphs originated from
the quasi-random class of graphs [16, 19]. One such example involves the sub-
graph counts, concerning the number of induced (or not necessarily induced)
subgraphs of G that are isomorphic to a specified graph F'. Another such met-
ric is called the cut metric which came from discrepancy inequalities for graphs.
The usual discrepancy inequalities in a graph G concern approximating the
number of edges between two given subsets of vertices by the expected values as
in a random graph and therefore such discrepancy inequalities can be regarded
as estimates for the distance of a graph to a random graph. For dense graphs,
the equivalence of convergence under the subgraph-count metric and the cut
metric among others are well understood (see [9, 38]). The methods for dealing
with dense graph limits have not been effective so far for dealing with sparse
graphs. A different separate set of metrics has been developed [8, 26] using local
structures in the neighborhood of each vertex. Instead of subgraph counts, the
associated metric concerns counting trees and local structures in the “balls”
around each vertex. The problems of graph limits for sparse graphs are inher-
ently harder as shown in [8]. Nevertheless, most real world complex networks



are sparse graphs and the study of graph limits for sparse graphs can be useful
for understanding the dynamics of large information networks.

The paper is organized as follows: In Section 2, we first examine the con-
vergence of degree distributions of graphs and we consider the convergence the
discrete Laplace operators under the spectral norm. Then we give the definition
for graphlets in Section 2.4. In Section 3, we give several families of exam-
ples, including dense graphlets, quasi-random graphlets, bipartite quasi-random
graphlets and graphlets of bounded rank. In Section 4, we consider the discrep-
ancy distance between two graphs which can be viewed as a normalization of
the cut distance. Then we prove the equivalence of the spectral distance and
the normalized cut distance for both dense and sparse graphs. Note that our
definition of the discrepancy distance is different from the cut distance as used
in [8] where a negative result about a similar equivalence was given. In Sections
5 and 6, we further examine quasi-random graphlets and bipartite quasi-random
graphlets for graph sequences with general degree distributions. In Sections 7
and 8, we give a number of equivalent properties for certain graphlets of rank
2 and for general k. In Section 9, we briefly discuss connections between the
discrete and continuous, further applications in finding communities in large
graphs and possible future work that this paper might lead to.

We remark that the work here is different from the spectral approach of graph
limits which focuses on the spectrum of the limit of the adjacency matrices in
[43]. If the graph limit is derived from a graph sequence which consists of dense
and almost regular graphs, the two spectra are essentially the same (differ only
by a scaling factor). However, a subgraph of a regular graph is not necessarily
regular. All theorems in this paper hold for general graph sequences for both
dense graphs and sparse graphs. Some of the methods here can be generalized
to weighted directed graphs which will not be discussed in this paper.

2 The spectral norm and spectral distance

For a weighted graph G = (V, E') with vertex set V' and edge set E, we denote
the adjacency matrix by Ag with rows and columns indexed by vertices in
V. For an edge {u,v} € E, the edge weight is denoted by Ag(u,v). For a
vertex v in V(G), the degree of v is dg(v) = ), Ac(u,v). We let D denote
the diagonal matrix with Dg(v,v) = dg(v). Here we consider graphs without
isolated vertices. Therefore, we have dg(v) > 0 for every v and Dél is well
defined.

We consider the family of operators W consisting of W : [0,1] x [0,1] — [0, 1]
satisfying , W(x,y) = W{(y,x). W is said to be of finite type if there is a finite
partition (Si, ..., Sp,) of [0, 1] such that W is constant on each set S; x.S; . Given
a graph G,, on n vertices, a special finite-type associated with G,, is defined by
partitioning [0, 1] into n intervals of length 1/n and, for a map n : [0,1] — V,



the pre-image of each vertex v corresponds to a interval I, = (§/n, (j + 1)/n]
for some j. We can define Wg,, € W by setting :

We,, (CL’, y) =Aq, (uv U) (1)
ifexel,, andy € I,.

Suppose we have a sequence of graphs, G, for n =1,2,.... Our goal is to
describe the limit of a graph sequence provided it converges. One typical way,
as seen in [38], is to take the limit of W under the cut norm. For example, if
G, is in the family of random graphs with edge density 1/2, the limit of W,
has all entries 1/2. However, if we consider sparse graphs such as cycles, then
the limit of W¢,, converges to the 0 function.

Instead, we will define the graph limit to be associated with a measure
space 2 as the limit of measure spaces defined on G, and the measure u for
Q) is the limit of the measures u, associated with G,. Before we give the
detailed definitions of 2 and u, there are a number of technical issues in need
of clarification. The following remarks can be regarded as a companion for the
definitions to be given in Sections 2.1 to 2.3 so that possible misinterpretations
could be avoided.

Remark 1. We label elements of © by [0, 1]. However, the geometric structure
of Q can be quite different from the interval [0,1]. In general,  can be some
complicated compact space. For example, if the G,, are square grids (as cartesian
products of two paths), then a natural choice for Q is a unit square. We will
write V() = [0, 1] to denote the set of “labels” for ) while Q2 can have natural
descriptions other than [0, 1].

Remark 2. In this paper, we mainly concern operators W that are exchangeable
(see [1, 24, 25, 28, 29, 34]). Namely, for a Lebesgue measure-preserving bijection
7 :[0,1] — [0, 1], a rearrangement of W, denoted by W, acts on functions f
defined on [0, 1] satisfying

Wf(z) = Wrf(r(x)). (2)

We say W is equivalent to W, and we write W ~ W.. By an exchangeable
operator W, we mean the equivalence class of operators W, where 7 ranges
over all measure-preserving bijections on [0, 1].

Remark 3. We consider a family of exchangeable self-adjoint operators W*
which act on the space of functions f : [0,1] — R. Clearly, any exchangeable
W :[0,1] x [0,1] — [0,1] with W (z,y) = W (y, ) is contained in W*. The dis-
advantage of using such W is the implicit requirement that W (x,y) is supposed
to be given as a specified value. For some graph sequences G, which converge
to a finite graph, it is quite straightforward to define the associated W,, as in
(1). However, in general, it is quite possible that W, (z,y) as a function of n
approach 0 as n goes to infinity. In such cases, it is better to treat the limit as
an operator.



Remark 4. Throughout the paper, [ F(y)dy denotes the usual integration of
a function F' subject to the Lebesgue measure v. We will impose the condition
that the space of functions that we focus on are Lebesgue measurable and inte-
grable so that all the inner products involving integration make sense. For some
other measures, such as pu, and p for a graph sequence, as defined in Section
2.1 and 2.2, it can be easily checked that if a function F' is Lebesgue measurable
and integrable then F'is also measurable and integrable subject to u, and u.

2.1 The Laplace operator on a graph

For a weighted graph G,, on n vertices with edge weight A, (u,v) for vertices u
and v , we define the Laplace operator A,, to be

Baf(@) = o 3 (f(w) = ) An(u0) 3)

for f:V — R. It is easy to check that

A, = I,-D;'A,=D;Y*L,DL?
where I, is the n x n identity matrix and £, = I, — D;l/zAnD;1/2 is the
symmetric normalized Laplacian (see [13]).

Let p, denote the measure defined by p, (v) = d,,/vol(G) for v in G,, where
vol(Gr) =Y, dy. We define an inner product on functions f,g:V — R by

o Dn = D F@)9(0)pn ().

veV

It is then straightforward to check that

3 (f(w) = )W) = g@W)An(u,v) 30, f(w) 3y u(9(w) = 9(v)) An(u, v)

{uv}€E vol(Gy,) vol(Gy,)
dy
= D)) S
= (fv A’ﬂg>ﬂn
and

<f7 Ang>,un = <g7 Anf>ﬂn'

If f and g are complex-valued functions, then we have

<fa Ang>un = <gv Anf>un

where T denotes the complex conjugate of x.



We note that (f,Ap1),, = (1,Anf)u, =0, where 1 denotes the constant
function 1. Therefore, A,, has an eigenvalue 0 with an associated eigenfunction
1, under the pp,-norm. The eigenfunctions ¢;, for 7 = 0,...,n — 1, form an

orthogonal basis under the p,,-norm for G,,. In other words, D,lz/ quj form an or-
thogonal basis under the usual inner product as eigenvectors for the normalized
Laplacian I,, — D,, 1 2A,Dy /2 The ¢;’s are previously called the combinatorial
eigenfunctions in [13].

2.2 The convergence of degree distributions

Suppose we have a sequence of graphs. For a graph G, on n vertices, the

measure [, defined by u,(v) = vgfl(igi)’ is also called the degree distribution

of G, where d,,(v) denotes the degree of v in G,, and vol(G,) = ), d,(v). In
general, for a subset X of vertices in G, volg,(X) = >, cx dn(v). In this
paper, we focus on graph sequences with convergent degree distributions which
we will describe.

For a graph G,, with vertex set V,, consisting of n vertices, we let F;, denote
the set of all bijections from V,, to {1,2,... n}.

Fpy={n:V, = {1,2,....n}}. (4)
For each n € F,, we let n,, denote the associated partition map n, : [0,1] — V,,,

defined by 0, (z) = n(u) if x € ((n(u) —1)/n,n(u)/n] = I)). We write I,y =
I, if there is no confusion. In stead of F,,, it is sometimes convenient to consider

Fo={m:neF,} C{p:0,1] = V,} (5)

Now, for any integrable functions f, g : [0,1] — R, we define

F, o = / F(@)g(@) ) (z) (6)
where p,, is defined by
[ @) @) = [ @y a())ds (7)
0 0

for integrable F': [0,1] — R. We can then define the associated norm:
||f||Nn7777L = (f, f>Mn,77n (8)

As a measure on [0, 1], u{™ satisfies

(1) = / ) () (9)

u



and

1
/ p) () = 1.

0

For example, for a graph G5 with degree sequence (2,2, 3,3,4), and suppose the
corresponding vertices are denoted by vy, ..., vs, then p,(vi) = pp(ve) = 1/7
and i, (v3) = pn(ve) = 3/14, ete.

In particular, for a subset S C [0, 1], we consider the characteristic function
xs(x) =1if x € S and 0 otherwise. Then for f = g = xs, we have

<XSaXS>un,77" = Mg")(s)
— [ (10)
S

Sometimes we suppress the labeling map 7,, and simply write u,, as the associ-
ated measure on [0, 1] if there is no confusion.

For ¢ > 0, we say two graphs G,,, and G,, have e-similar degree distributions

if
' 0
ot [ @) = @) < (11)
For a graph sequence G,,n = 1,2,..., we say the degree distribution u,, is

Cauchy, if for any e > 0, there exists N = N(e) such that for any m,n > N,
the degree distributions of G,,, and G,, are e-similar. To see that the degree
distributions converge, we use the following arguments:

Lemma 1. If the degree distribution of the sequence G,, is Cauchy, then there

are 0,, € F, such that the sequence ugf") of G,, converges to a limit, denoted by

. Furthermore p is unique up to a measure preserving map.

Proof. For each positive integer j, we set ¢; = 277, and let N(ej) denote the
least integer such that for m,n > N(¢;), Gy, and G, have e;-similar degree
distributions. To simplify the notation, we write M (j) = N(¢;).

We first choose an arbitrary permutation 7,,(;) and then by induction define
permutations 7,/(;y’s, for j > 1 using (11) so that

1
(Onr(5)) (Onrr(j+1))
| @ =iy @l <

For each n € [M(j), M(j + 1)), we choose the permutation 7, such that

1



Claim: the sequence of qu"), forn =1,2,... is Cauchy.
To prove the claim, we see that for any m,n > M (j) satisfying n € [M (j), M (j+
1)) and m € [M(k), M(k + 1)) with j < k, we have

1
tA | 10 (@) — p0 ()

1 1
n (Onr¢5)) (Orr5)) Onrr(j+1))
< [ 1@ =i @1+ [ 1 @ - i @
1 1
(On(k—1)) (0 ) (Orr(k+1)) )
[ 1 @ =i @ [l @ - il @) |
< 26j + €1+ €1 + 2€p,

= 36j

and the Claim is proved.

To show that the sequence ,ugf") converges, we define i (.9) for any measurable

subset S C [0, 1] as follows:

n(S) = lim p@(S)

n—oo

= lim [ pf)(2).

n—oo S

Since u%e") is Cauchy, the above limit exists and u(S) is well defined. Further-

more, for any measure preserving map 7, g o 7 is the limit of u;“’"‘”). Thus, @

is unique up to a measure preserving map.

To see that p is a probabilistic measure, we note that for any € > 0, there is
some n such that

1x_ _ 1x_ 1(17n)x
I/Ou() o= 1 [ e /O/in (@)
1
= [ o) -l |

0
€.

Lemma 1 is proved. U

Remark 5. Since we are dealing with exchangeable operators, the measures
1 can be regarded as the equivalence class of probabilistic measures where two
measures @, ¢’ are said to be equivalent if there is a Lebesgue measure preserving
bijection 7 on [0, 1] such that ¢ = ¢’ o 7.

Remark 6. An alternative proof for the convergence u, is due to Stephen

Young [45] which is simpler but the resulted limit x is not necessarily exchange-

able. For each n, suppose we choose 7, such that pﬁﬁ") is a non-decreasing



function on [0,1]. By using the fact that for 1 < x5 and y; < y2, we have
|21 — y1| + |22 — yo| < |21 — y2| + |z2 — 1], it follows that

1 1
f 0 () — ()] — / () () — 1y(1)
it [ W@ =i @) = [ @) = ) @)

Thus the sequence ,u%n") is Cauchy and therefore converges to a limit p.

We note that two different graphs G and H both on n vertices can have
the same degree distribution measure p,, but G and H have different degree
sequences. For example, G is a k-regular graph and H is a k’-regular graph
where k # k’. In this case, p,(v) = 1/n for any vertex v and p,(z) =1 for any
x € [0,1]. To define the convergence of graph sequences, we need to take into
account the volume vol(G) =}~ d, of G.

2.3 The spectral distance

Suppose we consider two graphs G,,, and G, on m and n vertices, respectively.
Their associated Laplace operators are denoted by A,, and A,,, respectively. If
m # n, A, and A, have different sizes. In order to compare two given matrices,
we need some definitions.

In G, = (V, Ey), for 0, € F,, (as described in (4)), the operator AW s
acting on an integrable function f : [0,1] — R by

MPIE) = o / (F(2) — F()) W) (a, y)dy

N S AtV
1@) = oy | W e wra 02

where W™ € W = [0,1] x [0, 1] is associated with the adjacency matrix A, by
W) (z,4) = A, (n(x), 7, (y)). Here we require f to be Lebesgue measurable
and therefore is also p,-measurable. In the remainder of the paper, we deal
with functions that are Lebesgue integrable on [0, 1]. We note that for any two
permutations 6,1 € F,,, W) is equivalent to W (") as exchangeable operators
in W*, defined in (3).

For a Lebesque integrable function f : [0,1] — R, we consider

1
A, = / F(@) (AT g(2)) ) ()

1 1# T x) — (1) x (n) r
/O /0 dn(nn(:c))f( )(g(z) — g(y)) W) (2,y) dy p{™) (z)



Using (7), we have

Vol

= s | /0 (@) ) (0(2) — g)) W) (e, )dady.

(AT, = / / £(2)(9(x) — 9(0)) W (2, y)daxdy

In particular,

AT fY, = / / (F(x) — ) W (@, y)dady.  (13)

Remark 7. The above inner products are invariant subject to any choice of
measure preserving maps 7. Namely, if we define f o 7(z) = f(7(z)), then

<f7 A’Elnn)f>ﬂn:"7n = <f T, A’slnnOT)f>/1'nOTf’7n°T' (14)

2V01

For an operator M acting on the space of integrable functions f : [0,1] — R,
we say M is exchangeable if for any measure preserving map 7, we have

(f,Mg) = (for, M:(g07))

where M, is defined by M, h(z,y) = M(h(t71(x),h(r71(y))). Clearly, A, is
an exchangeable operator.

For an integrable function f : [0,1] — R and n,, € F,,, we define fo: [0,1] —
R, for z € I, as follows:

. Sy F@)pi( >dy [y £ (y)dy
I (x) =
qu I’Ln(u)

b L) (2, y) f ()™ (y)dy (1)

/‘n( )

where I, is the n X n identity matrix as defined in Section 2.1. Note that

ful@) = fn(2) if gu(z) = nn(2). For uin V(G,), we write fn(u) = f,(2) where
x € I,.

f and f are related as follows:

Lemma 2.
(i) For x € I,,, and n,, € F,

M) = s Y [ (@) = £ Atn(a). 00y
1
= m;(f( u) — fn( ))An(u,v)

= Anfu(u) + (f(2) = fulw)).

10



(ii) For f,g:10,1] = R,

LA P = (P D Fadpn + 1 = Fallf - (16)

The proof of (i) follows from (3) and (15). (ii) follows from (i) and (13) by
straightforward manipulation.

Remark 8. In this paper, we define inner products and norms on the space of
integrable functions defined on [0, 1], as seen in (6) and (8). Consequently, the
last term in (16) approaches 0 as n goes to infinity. Namely,

Ilf - animnn —0 asn — o0

if f is integrable. This implies that the graph Laplacian A,, for G,, acting on
the space of functions defined on V,, can be approximated by Agﬁ”) acting on
the space of functions defined on [0, 1] with the exception for the function f
with [[Ap fl| 4.5, 1s too close to 0, while f is orthogonal to the eigenfunction
associated with eigenvalue 0. The case of a path P, is one such example and
in fact, the graph sequence of paths P, does not converge under the spectral

distance that we shall define. In order to make sure that A,(In") closely approxi-
mates A, there are two ways to proceed. We can restrict (implicitly) ourselves
to graph sequences G, with the least nontrivial eigenvalue \; of A, greater
than some absolute positive constant (as done in this paper). An alternative
way is to consider general labeling space € other than [0, 1] and impose further
conditions on the space of functions defined on Q¢ (which will be treated in a
subsequent paper).

For a graph sequence G,, = (V,,, E,), where n = 1,2,.. ., we say the sequence
of the Laplace operators A,, is Cauchy if for any € > 0 there exists IV such that

for m,n > N, there exist 0,, € F,,, 0, € F,, such that the following holds:

(i) The associated measures uﬁ,‘fm) and uﬁ,‘fm) satisfy

1
; gy (@) = i) ()] < e.

(ii) The Laplace operators associated with G, and G,, satisfy

Qm an
AN Db A 90,
Il 0 If] gl

<€

{
11

Homs0m Hon,On FonsOn
for integrable f, g defined on [0,1] and we write
A( Dy A < € (17)

where iy, 4, denote the degree distributions of G,,, G, respectively.

11



Remark 9. We note that the spectral distance here is invariant subject to any
choices of measure preserving maps. In fact, for any measure preserving map
T, it follows from the definition and that d(A,,, Ap)u,,.u, < € if and only if
A(Apy Ay) iy or pimor < E.

Suppose the sequence of graphs G,, = (V,,, E,) have degree distributions p,
converging to p as above. Then (17) can be simplified. The inequality in (17)
can be replaced by an equivalent condition

d(Ap, Ay, <€

which can be described by there exists N such that for m,n > N, there exist
0 € F,,, 0, € F, such that the Laplace operators associated with G,, and G,
satisfy

(fo(Afm) = Alm)g) | < e (18)

for integrable f, g :[0,1] — R with ||f|l, = llgll. =1 .

For an operator M on [0, 1] we can define spectral y-norm, defined by

| M2 = s | (f, Mg), |
sg

where f,g:[0,1] — R range over integrable functions satisfy ||f||, = [lg|l. = 1.
We are ready to examine the convergence of a graph sequence under the spectral
distance.

Theorem 1. For a graph sequence G, = (V,, Ey,), where n = 1,2,..., sup-
pose the sequence of the Laplace operators A, is Cauchy, then for each n, there
are permutations 0, € F,, such that the sequence of Aﬁf“ converges to an ex-

changeable operator A and the measure ,u%e") of Gy ’s converge to u where A

satisfies

1
| t@sg@nto) = im (£.Ag),, (19)
for any two integrable functions f, g :[0,1] = R.

Proof. For each positive integer j, we set €; = 277, and let N(ej) denote the
least integer such that for m,n > N(e;), (17) holds for €¢;. To simplify the
notation, we write M (j) = N(e;).

We first choose an arbitrary permutation 7,y € Fiz(;) and then by induction
define permutations 6,y € Fis;y’s, for j > 1, using (17) so that

d(An ), Arm+1) @Gy Gy < €
Par(gy Pam(g+1)

12



We can assume the associated measure for ;) is non-decreasing since we can
simply adjust by choosing measure preserving maps.

For each n € [M(j), M(j + 1)), we choose the permutation 6,, such that

d(An; Api()) 00y ) < €5
Hn 1HM(_7-)

We will use a similar method as in Lemma 1 to prove the following:
Claim 1: The sequence of A,(f"), forn =1,2,... is Cauchy.

To prove the claim, we see that for any m,n > M(j) satisfyingn € [M (), M (j+
1)) and m € [M(k), M(k + 1)) with j < k, we have

d(Bm; Bn) om0 o

< d(AmAM(J')) on) O T
Hn 7MM(J')
FA(Aprk—1)s Arrk)) @1y gy T AAMEY Bm) G (o)
Har(e—1) P arr) Hor (i) HHm
< 2+ €1+ Fep—1 + 2¢,

= 36]‘
and Claim 1 is proved.

Claim 2: The sequence of ugf”) is Cauchy and therefore converges to a limit pu.

To prove Claim 2, we will first show that for any € > 0, m,n > N(¢;), and any
subset S C [0, 1], we have |u£2’")(5) - usf")(Sﬂ < 6Be;.

From the proof of Claim 1, we know that d(Ag,QL’"),ASLG")) < 3¢j, which
implies, by choosing f = ys and g = 1 in (47) and (?7?),

3e; = d(Afm,AP)
9771 9”
> Vil () - il s)

i (5) - i) (5)|

Vs (8) 4/l (8)
> 3 |() - ()]

To show that u%e") is Cauchy, we set S = {z : ,u,(f")(a:) > ugg"")(x)}. Then,

1
[ 180 @ = i@ = 2 [ 1 @) = i @) [+ [ ) - e o)
0 S S
= 2[U(S) - e (S) |
S 12€j.

13



Claim 2 is proved.

Now, we can define the operator A:

1
(f.Ag) = / F(@)Ag(a)u(z) (20)
= lim (f,A{"")g),, (21)

for any two integrable functions f,g: [0,1] — R.

Combining Claims 1 and 2, the sequence Agf") converges to a limit A. O

For a graph sequence G,,, where n = 1,2, ..., the Laplace operator A,, of G,
and Wg, € W* are related as follows: For functions f, g : [0,1] — R, by using
(7) we have

1
(f,(I= AT NG = /0 f(@)((I - Agl""))g(x))y;"")(x)

— 1 1# T (1) (o (1) (5

ot
vol(Gy,)

although the existence of the limit of W, is not necessarily required.

/ / F@)ay)W (2, y)dudy
0 0

There are similarities between A and the previous definitions for graph limits
(as defined in [38]) but the scaling is different as seen below:

1

1
/Of(x)((I—A)g(w))u(w) = lim [ f(@)((I - AF)g) (2)pu™) (x)

n—oo [
2

= lim (f

Suppose the graph sequence have volume vol(G,,) converging to a function ®.
Then we have
2

| 1@ - ta@)ua) = tim i e We (23)

n—r oo

Thus, the Laplace operator A as a limit of A,, is essentially the identity operator
minus a scaled multiple of the limit W. We state here the following useful fact
which follows from Theorem 1:

Lemma 3. For a sequence of graphs G, forn=1,2, ..., with degree distribu-

tions [, converging to u, the associated Laplace operators A, converges to A
satisfying

(xs, (I = A)1), = u(S) =0, (24)

and <X57 (I - A)XT>;4 >0 (25)
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for any integrable subsets S, T C [0, 1] where 1 is the constant function assuming
the value 1.

Proof. The proof of (24) follows from the fact that

(s, (=D)L, = lim (&, (1 = A1),
_ : (n)
= HILHQO<XS i .
— i (n)
Jim g2, (S*)
= u9).
To see (25), we note that for any two vertices u,v in Gy, (Xu, d — An)Xv)p =
Ay (u,v)/vol(Gp) > 0. O

2.4 Defining the graphlets

Using the convergence definitions in the previous subsections, we define graphlets
as the limit of a graph sequence

Gl,GQ,...,Gn,“'—)g(Q,A) (26)
which satisfies the following conditions:

1. The degree distributions of GG, introduce measures ., on 2 and p,, con-
verges to a measure y for Q as in (11).

2. The discrete Laplace operators A,, for G,, converges to A as an operator
on  under the spectral distance using the p-norm as in (9) and (19).

3. The volume vol(G,,) of G,, is increasing in n.

Several examples of graphlets will be given in the next section.

Remark 10. One advantage of the graphlets G(2, A) is the fact that the eigen-
vectors of graphs in the graph sequences can be approximated by eigenvectors
of A. In other words, eigenvectors of A can be used as universal basis for all
graphs in graph sequences in the graphlets G(2, A).

Remark 11. In the other direction, graphs in graph sequences in graphlets
G(Q, A) can be viewed as a scaling for discretization of 2 and A. If two different
graph sequences converge to the same graphlets, they can be viewed as giving
different scaling for discretization.

Remark 12. Another way to describe a graphlets is to view G(Q2, A) as the
limit of graphlets G(Q,,A,). Here Q, can be described as a measure space
under a measure pu, as follows. The elements in 2, (the same as that of Q,
labelled by [0, 1]) is the union of n parts, denoted by I,, indexed by vertices v
of G,,. The degree of v satisfies 15



dn(v) = vol(Gn)/ ().
The Laplace operator A,, can be defined by using the adjacency entry A, (u,v) =
Wy(z,y) for x € I, and y € I,. Namely, A, (z,y) = L.(x,y) — Wp(x,y)/ds.
The graphlets G(Q, A) as the limit of G(Q,,, A,) specifies the incidence quantitiy
between any two integrable subsets S and 7" in 2. For an integrable S C 2, we
let xs denote the characteristic function of S, which assume the value 1 on S,

and 0 otherwise. In €,, the incidence quantity between S and T, denoted by
En(S,T) satisfies:

£.(5.7) = vol(Go) [ xs@) (1 = Auxr(a))pnla). (27)
In particular, for S =T,
En(S,S) ~ vol(Gy)(u(S) — u(9(S)))

where the boundary 9(S) of S satisfies

(S, 8) % vol(Go)u(D(S)) = vol (Gr) / vs(@)Axs(@)u(2).

3 Examples of graphlets

We here consider several examples of graphlets G(£2, A) which are formed from
graph sequences G, for n = 1,2,.... We will illustrate that the eigenfunctions
of A can be used to serve as a universal basis for graphs G,,. The discretized
adaptation of graphlets will be called “lifted graphlets” for G,,, which are good
approximations for the actual eigenfunctions in G,, as n approaches infinity. In
some cases, the lifted graphlets using A are fewer than the number of eigenfunc-
tions in G, and in other cases, there are more eigenfunctions of A than those
of G,,. We will describe a universal basis for G, as the union of two parts,
including the primary series (which are the lifted graphlets) and complementary
series (which are orthogonal to the primary series). In a way, we will see that
the primary series captures the main structures of the graphs while the comple-
mentary series reflect the “noise” toward the convergence. Before we proceed,
some clarifications are in order.

e The notion of orthogonality refers to the usual inner product unless we
specify other modified inner products such as the p-product (-,-), or the
Un-product. Sometimes, it is more elegant to use eigenfunctions that are
orthogonal under the py-norm. However, when we are dealing with a finite
graph G,, in a graph sequence, we sometimes wish to use only what we
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know about the finite graph G, and perhaps the existence of the limit
without the knowledge of the behavior of the limit (such as ). In such
cases, we will use the usual inner product.

e The universal bases are for approximating the eigenfunctions of the nor-
malized Laplacian of G,. In a graph G,, its Laplace operator A, =
I — D, A, is not symmetric in general since the left and right eigen-
functions are not necessarily the same. The universal basis is used for
approximating the eigenfunctions of the normalized Lapalcian

L, =1I-D;Y?A,D;12

which is equivalent to A, and is symmetric. Thus, £ has orthogonal
eigenfunctions.

3.1 Dense graphlets

Suppose we have a sequence of dense graphs G,,, forn = 1,2, ..., with vol(G,,) =
2|E(G,)| = ¢,n? where the ¢, converge to a constant ¢ > 0. In this case, the
p-norm is equivalent to other norms such as the cut-norm and subgraph-norm
in [9]. By using the regularity lemma, the graphlets G(Q, A) of a dense graph
sequence is of a finite type. In other words, there is a graph H on h vertices
where h is a constant (independent of n) such that Q@ = Qg is taken to be a
partition of [0, 1] into h intervals of the same length. Let o1, ..., ¢} denote the
eigenfunctions of H.

For n = hm and m € Z, we will describe a basis for a graph G,. The
primary eigenfunctions can be written as

d);")(v) = ¢;([v/m]) whereve{1,2,...,n}and j=1,...,h,

while the complementary eigenfunctions consist of n — h = (m — 1)h eigenfunc-
tions as follows: For 1 <a < h,1<b<m—1,

- .
e2mibb /m ifa +1= a,

0 otherwise.

S alm 1 o) = {

3.2 Quasi-random graphlets

Originally, quasi-randomness is an equivalent class of graph properties that are
shared by random graphs (see [19]). In the language of graph limits, quasi-
random graph properties with edge density 1/2 can be described as a graph
sequence G, for n =1,2,..., converging to graphlets G(Q, A) where Q = [0, 1]
and A(z,y) = 1/2, for  # y and u(x) = p(y) for all z,y. Compared with

17



the original equivalent quasi-random properties for G,, (included in parenthe-
ses), the quasi-random graphlets with edge density 1/2 satisfies the following
equivalent statements for the graph sequence G,, where n =1,2,....

(1) The graph sequence G,, converges to graphlets G(£2, A) in the spectral dis-
tance.
(The eigenvalue property: The adjacency matriz of G, on n vertices
has one eigenvalue n/2 + o(n) with all other eigenvalues o(n). )

(2) The graph sequence G,, converges to graphlets G(£2, A) in the cut-distance.
(The discrepancy property: For any two subsets S and T of the vertex
set of G, there are |S|-|T|/2+o0(n?) ordered pairs (u,v) withu € S,v € T
and {u,v} being an edge of G, )

(3) The graph sequence G,, converges to graphlets G(Q, A) in the Cy-count-
distance.
(The co-degree property: For all but o(n?) pairs of vertices u and v
in Gy, u and v have n/4 + o(n) common neighbors.)
(The trace property: The trace of the adjacency matriz to the 4th power
is n*/16 + o(nt).)

(4) The graph sequence G,, converges to graphlets G(2, A) in the subgraph-
count-distance.
(The subgraph-property: For fized k > 4 and for any H on k vertices
and | edges, the number of occurrence of H as subgraphs in G,, is n¥ /2! +

o(n®).)

(5) The graph sequence G, converges to graphlets G(€2, A) in the homomorphism-
distance.
(The induced-subgraph-property: For fized k > 4 and for any H on
k wvertices, the number of occurrence of H as induced subgraphs in G, is

nk/Z(g) +o(nk).)

For a quasi-random graph sequence, the primary graphlets for G,, consists of
the all 1’s vector 1 and the complementary ones are irrelevant in the sense that
they can be any arbitrarily chosen orthogonal functions since all eigenvalues
except for one approach zero. In other words, A as the limit of G,, only has one
nontrivial eigenfunction.

The generalization of quasi-randomness to sparse graphs and to graphs with
general degree distributions [17, 18] can also be described in the framework of
graphlets. In the previous work on quasi-random graphs with given degree dis-
tributions, the results are not as strong since additional conditions are required
in order to overcome various difficulties [17, 18]. By using graph limits, such
obstacles and additional conditions can be removed. In Section 5, we will give
a complete characterization for quasi-random graphlets with any given general
degree distribution which include the sparse cases.
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3.3 Bipartite quasi-random graphlets

A bipartite quasi-random graphlets G(€2, A) can be described as follows:  is
be partitioned into two parts A and B while W (x,y) is equal to some constant
pif (xte A,y e B)or (x € B,y € A), and 0 otherwise. There are two nontrivial
eigenvalues of I — A, namely, 1 and 71 The elgenfuctlon ¢o associated with
elgenvalue 1 assumes the value ¢o(z) = 1//u(4) for x € A and ¢o(y) =
1/4/u(B) for y € B. The elgenfunctlon 01 assomated with elgenvalue —1is

deﬁned by d1(z) = 1//p(A) for x € A and ¢y (y) = —1/+/u(B) for y € B.

The bipartite version of quasi-random graphs is useful in the proof of the reg-
ularity lemma [44]. Bipartite quasi-random graphlets, as well as quasi-random
graphlets, serve as the basic building blocks for general types of graphlets. More
on this will be given in Sections 7 and 8.

3.4  Graphlets of bounded rank

A quasi-random sequence is a graph sequence which converges to a graphlets of
rank 1 as we will see in this section. We will further consider the generalization
of graph sequences which converge to a graphlets of rank k. This will be further
examined in Sections 7 and 8.

4 The spectral distance and the discrepancy dis-
tance

4.1 The cut distance and the discrepancy distance

In previous studies of graph limits, a so-called cut metric that is often used for
which the distance of two graphs G and H which share the same set of vertices
V is measured by the following (see [9, 30]).

cut(G,H) = — sup |Eq(S,T)— En(S,T)] (28)

|V|2 STV
where Eq(S,T) denotes the number of ordered pairs (u,v) where u is in S, v is

in T" and {u, v} is an edge in G.

We will define a discrepancy distance which is similar to but different from
the above cut distance. For two graphs G and H on the same vertex set V', the
discrepancy distance, denoted by disc(G, H) is defined as follows:

disc(G, H) = sup Eq(S,T) Ey(8,T) |
S, TCV \/volG(S)volg( ) \/VO]H Yol (T)

(29)
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We remark that the only difference between the cut distance and the discrepancy
distance is in the normalizing factor which will be useful in the proof later.

For two graphs G,, and G,, with m and n vertices respectively, we use the
labeling maps 6,, and n,, to map [0, 1] to the vertices of G,,, and G,,, respectively.
We define the measures p,, and p, on [0,1] using the degree sequences of G,
and G,, repectively, as in Section 2.2. From the definitions and substitutions,
we can write:

EGn (S’ T) = VOl(Gn)<X57 (I - An)XT>Mm9n‘ (30)

Therefore the discrepancy distance in (29) can be written in the following general
format:

disc(Gm, Gn)
(xs: (I = Dp)XT) 00 (XS (L = D)XT) e

V Porn (S) o (T7) V pin (S) pn (T)
(31)

where S,T range over all integrable subsets of [0,1]. We can rewrite (30) as
follows.

= inf
Om €Fm:nn€Fn 8 7C[0,1]

Eq,(5,T) = VOl(Gn)/ QXS(I’)((I*An)XT)(m)#n(x)- (32)
e
Alternatively, Eq, (S,T) was previously expressed (see [38]) as follows:
E¢,(S,T) = n2/ W(x,y) ds dt (33)
zeS JyeT

The two formulations (32) and (33) look quite different but are of the same
form when the graphs involved are regular. However, the format in (33) seems
hard to extend to general graph sequences with smaller edge density.

Although the above definition in (31) seems complicated, it can be simplified
when the degree sequences converge. Then, u,, and p,, are to be approximated
by the measure p of the graph limit. In such cases, we define

disc, (Gm, Grn)

sup (s, (I = Aw)XT) 0 (XS5 (I = Do) XT) piyn

inf
Om € Fm m€Fn 5 TC[0,1] VHS)u(T) Vu(S)u(T)

- An)XT>u‘ . (34)

1
= sup —————|(xs, (Anm
s,7(0,1] /#(S)pu(T)

where S, T range over all integrable subsets of [0, 1] and we suppress the labelings
0,1 which achieve the infininum.

We will show that the convergence using the spectral distance defined under
the pu-norm is equivalent to the convergence using the discrepancy distance in
Section 4.
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4.2 The equivalence of convergence using spectral distance
and the discrepancy distance

We will prove the following theorem concerning the equivalence of the conver-
gences under the spectral distance (as in (19)) and the discrepancy distance (as
in (31)). The result holds without any density restriction on the graph sequence.
The proof extends similar techniques in Bilu and Linial [5] and [7, 11] for regular
or random-like graphs to graph sequences of general degree distributions.

Theorem 2. Suppose the degree distributions u,, of a graph sequence Gy, for
n=1,2,..., converges to u. The following statements are equivalent:

(1) The graph sequence G, converges under the spectral distance.
(2) The graph sequence G, converges under the disc-distance.

Proof. Suppose that for a given € > 0, there exists an N > 1/e such that for
n > N, we have

ln = pll <.
The proof for (1) = (2) is rather straightforward and can be shown as follows:

Suppose (1) holds and we have, for m,n > N, ||ptm — pll1 < €, ||pn — pll1 < €
and ||Ay, — Ay|ly < €. (Here we omit the labeling maps 6,,, 6, to simplify the
notation.) Then,

I—A, (= Ay
diSC(Gm,Gn) — Sup <XS’( /)XT>Hm _ <XS ( )XT>,U‘TL

8,7C[0,1] i (S) pan (T) Vb (8) i (T)

- An)XT>u‘ +4e

IN

sup

S — [(xs, (A
5.1¢(0,1] v/ p(S)(T) X i
1

su |<XS» (Am - An)XT>u| +4e

p —
S,TC[0,1] ||XS||u||XT||u

<A, — An”u +4e

< Be.

To prove (2) = (1), we assume that for M = A,, — A,

[(Xs, Mx7)u| < e/ p(S)u(T) (35)

for some € > 0 for any two integrable subsets S, T C [0, 1]. It is enough to show
that for any two integrable functions f, g : [0,1] — R, we have

I(f, Mg)u| < 20elog(1/e)|[fllullglln (36)

provided € < .02.
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The proof of (36) follows a sequence of claims.

Claim 1: For an integrable function f defined on [0, 1] with ||f||, = 1, for any
€ > 0, there exists an N(e) such that for any n > N(e) there is a function h
defined on [0, 1] satisfying :

W) Il < 1,

() If ~ Rl < 1/4+¢,

(3) The value h(y) in the interval ((j — 1)/n,j/n] is a constant h; and h; is of
the form (%)j for integers j.

Proof of Claim 1: Since f is integrable, for a given €, we can approximate ||f||i
by a function f, with f(x) = f; in (( — 1)/n, j/n], such that

/0 (f - PP@)u(z)| <.

For f = (fi)i<j<mn, we define h = (h;)1<j<mn as follows. If f; = 0, we set
h; = 0. Suppose f; # 0, there is a unique integer k so that (4/5)% < |f;| <
(4/5)*"1. We set h; = sign(f)(%)" where sign(f;) = 1 if f; is positive and —1
otherwise. Then

4 4, 1

0<|[fj—hyl < (g)kfl - (3)}C =1

4

1

which implies ||f ~AlIZ. < e+ 3, [y 1fi—hiPu(@) < et 15 3, 1fPu(@) = f5-+e.
Claim 1 is proved.

Claim 2: Suppose there are functions f/, ¢’ satifying | M|, = [(f', Mg’),| and
I fle = lld'll, = 1. If f,g are functions such that | fl|.,|lgll, < 1 and ||f" —
fHM < 1/4 + 67”91 - g”u < 1/4 + ¢, then

Ml < (2 4 4€)[(f, Mg, (37)

Claim 2 can be proved by using Claim 1 as follows:
|<f/7Mg/>lL|
[(f M)l + 1" = f, M) + [(f' M(g" = 9)),]

2
<1 Mgl + (5 + 29 |M ]

This implies ||M||, < (2 + 4€)|(f, Mg),|, as desired.

IM]] s

IN

From Claims 1 and 2, we can upper bound ||M]|, to within a multiplicative
factor of 2+4¢ by bounding of [(f, M g),.| with f, g of the following form: Namely,
f=3,(2)f®, where the f® denotes the indicator function of {z : f(z) =
(2)!}. Similarly we write g = >°,(2)g\), where the g denotes the indicator
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function of {y : g(y) = (2)'}. Now we choose r = logy /5 € and we consider
(U, Mg)| < Z ) |9, Mg, |

< X U, M),

|s—t|<r
4 STK S
+ YOS , Mg D),
s t
4 K S
Y[, Mg ),
t S

=X+Y+ 2

We now bound the three terms separately. For a function f, we denote u(f)
w(supp(f)) to be the measure of the support of f. Using the assumption (35)
for (0,1)-vectors and the fact that f(*)’s are orthogonal (as well as the g()’s),
we have

X= 3 [, ag),|

|s—t|<k
<e 3 G )ue)
|s— t|<n
5% (()"0(®) + (3 1tg )
< LD (S Q) + 336 )
<e(26+1),

since each term can appear at most 2x + 1 times. For the second term we have,
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by using Lemmas 3, the following:

Y < Z(%)““ S [, a1g®),|
< (U B~ A 30O

s t

4

< (VY EU, (B + A

S

<202 YU, 1),

<2(5)" S u(r)

< 2(5)'€

The third term can be bounded in a similar way. Together, we have

Ml < 2+ 40) (20 + 1)+ 4(5))

< (2+4e) (e(?lﬁjgg(ééz) +1) + 4e)
44 8¢
< melog(l/e) + 8¢

< 20elog(1/€)

since —%— ~ 17.93 and ¢ < .02. This completes the proof of the theorem. [
log5/4

5 Quasi-random graphlets with general degree
distributions — graphlets of rank 1

We consider a graph sequence that consists of quasi-random graphs with de-
gree distributions converging to some general degree distribution. We will give
characterizations for a quasi-random graph sequence by stating a number of
equivalent properties. Although the proof is mainly by summarizing previous
known facts, the format of graph limits helps in simplifying the previous various
statements for quasi-random graphs with general degree distributions including
the cases for sparse graphs.

Theorem 3. The following statements are equivalent for a graph sequence G,
wheren=1,2,....

(?) Gn’s form a quasi-random sequence with degree distribution converging to
1.
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(it) The graph sequence G, = (V,,, A,) converges to the graphlets G = (Q,A)
where € is a measure space with measure p and I — A is of rank 1, i.e.,
I — A has one nontrivial eigenvalue 1. (Equivalently, for eachn, I, — A,
has all eigenvalue o(1) with the exception of one eigenvalue 1.)

(i13) The graph sequence G, = (Vi,, A,) converges to the graphlets G = (Q, A)
where Q is a measure space with measure p and the Laplace operator A
on § satisfies

L @~ 2))@hlz) = / @ / o(@)u(z)

e

for any integrable f,g: Q — R.

(iv) The degree distribution u, of G, converges to p and

D,JD
D—1/2 An_ “nJ=n D—1/2 — 1
D52 (A = CHSD 2 = 0(1)
where A,, and D,, denote the adjacency matriz and diagonal degree matriz
of Gy, respectively. Here || -|| denotes the usual spectral norm (in La) and

J denotes the all 1’s matriz.

(v) There exists a sequence €, which approaches 0 as n goes to infinity such
that G, satisfies the property P(e,), namely, that the degree distribution
Wn converges to p and for oll S, T C 'V,

vol(S)vol(T)

P(ey) : E(S,T) - vol(G)

< ep/vol(S)vol(T) (38)

where E(S,T) =3 cser A(s,1).

Remark 13. Before proceeding to prove Theorem 3, we note that a sequence
of random graphs with degree distribution u, converging to u is an example
satisfying the above properties almost surely. Here we use random graph model
Gq for a given degree sequence d = (d,),ecc defined by choosing {u,v} as an
edge with probability d,d,/ )", ds for any two vertices u and v, (see [20]).

Remark 14. The above list of equivalent properties does not include the mea-
surement of counting subgraphs. Indeed, the problem of enumerating subgraphs
in a sparse graph can be inherently difficult because, for example, a random
graph G(n,p) with p = o(n~'/?) contains very few four cycles. Consequently,
the error bounds could be proportionally quite large.

Instead of counting Cy4, we can consider an even cycle Co, or the trace of
(2k)th power, leading to the following condition:

(vi)  For some constant k (depending only on the degree sequence), a graph
sequence G, satisfies

| Trace(I — Ay)F — 1’ =o(1).
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Remark 15. Suppose that in a graph G,,, all eigenvalues of I — A,, except for
eigenvalue 1 are strictly smaller than 1. Then as k goes to infinity, the trace of
the kth power of I — A approaches 1. How should (vi) be modified in a way
that it can be an equivalent property to (i) through (v) ? We will leave this as
an intriguing question.

Question 1. Is (vi) equivalent to (i) through (v) for some constant k depending
only on 7?

Remark 16. It is easily checked that (vi) implies (i7). For the case of dense
graphs, the reverse direction holds [19]. For general graphs, to prove (ii) —
(vi) involves the spectral distribution. For example, for a regular graph on n
vertices and degree d, a necessary condition for (vi) to hold is that nd*/? < ¢,.
In particular, if the spectrum of the graph satisfies the semi-circle law, then
this necessarily condition is also sufficient. For a general graph, the necessary
condition should be replaced by nd*/? < ¢, where d is the second order average
degree, namely, d = Y, d2/>" d,. Nevertheless, there are quasi-random graphs
that satisfy (i) but require & much larger than 2logn/logd. For example, we
can take the product of a quasi-random graph G, and a complete graph K|
which is formed by replacing each vertex of G, with a copy of K, and replacing
each edge in G, by a complete bipartite graph K ,.

Question 2. A subgraph F' is said to be forcing if when the number of oc-
currence of F in a graph G is close to (say, within a multiplicative factor of
1+ ¢€) what is expected in a random graph with the same degree sequence, then
all subgraphs with a bounded number k of vertices (where € depends on k) oc-
cur in G close to the expected values in a random graph with the same degree
sequence. A natural problem is to determine subgraphs which are forcing for
quasi-random graphs with general degree sequences.

Proof of Theorem 8: We will show (i) = (v) = (iv) = (ii1) = (it) = ().

We note that (i) = (v) follows from the implications of quasi-randomness
for graphs with general degree distributions [18]. Also, (v) = (iv) follows from
the fact that (iv) is one of the equivalent quasi-random properties.

To see (iv) < (iii), we note that the Laplace operator A, of G,, satisfies,
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for any f,g:V(G,) = R,

I — Ay) /f ) o ( /()un(x)

(s (T = An)9) s = (fs D (g D

VO] "9 =3 Fwpa(w) Y g(0)a(v)

u€Vy, vEV,

D, JD
—-1/2 A =7 n D—1/2/
" ( vol(Gn>> no Y

where [/ = D1/2f/vol( G,) and ¢’ = D}/2g/vol(Gn). To prove (iii) = (iv), we

have from (iii),
)(I — A)g /f ) pn (x /g(rf)un(:v)

- DpJDyn\
D 1/2<An— i )>D Y2001
enllf N9l

\/ [ @) [ @,

Since u,, converges to u and €, goes to 0 as n approaches infinity, (iv) = (i)
is proved. The other direction can be proved in a similar way.

IA

IN

(i4i) = (i1) follows from the fact that I — A is of rank 1. All adjacency
matrices A,, are close to a rank 1 matrix and therefore €) is of rank 1.

To prove that (it) = (i), we use the fact that for any graph the Laplace
operator is a sum of projections of eigenspaces. If A is of rank 1, there is only
one main eigenspace of dimension 1 (associated with the Perron vector) for the
normalized adjacency matrix. O

6 Bipartite quasi-random graphlets with gen-
eral degree distributions

We consider the graph limit of a graph sequence consisting of bipartite quasi-
random graphs with degree distributions converging to some general degree
distribution. The characterizations for a bipartite quasi-random graph sequence
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are similar but different from those of quasi-random graphs. Because of the role
that bipartite quasi-random graphlets plays in general graphlets, we will state a
number of equivalent properties. The proof is quite similar to that for Theorem
3 and will be omitted.

Theorem 4. The following statements are equivalent for a graph sequence G,
wheren =1,2,....

(1) Gu’s form a bipartite quasi-random sequence with degree distribution con-

verging to fi.

(ii) The graph sequence G,, = (V,,, A,,), converges to the graphlets G = (2, A)

(iii)

(iv)

where ) is a measure space with measure . and and I —A has two nontriv-
ial eigenvalues 1 and —1. Namely, for each n, I — A,, has all eigenvalues
o(1) with exceptions of two eigenvalues 1 and —1.

The graph sequence G,, converges to the graphlets G = (Q, A) where Q is
a measure space with measure pu. For some X C (), the Laplace operator
A satisfies

f(@)(I = A)g(z)pu(x)

zeQ

-/ soue) / oo+ [ sute) / _ o@n(z)

for any f,g: Q2 — R where X denotes the complement of X.

The degree distribution pnof G, converges to p and

Dn(JX,X + JX,X)Dn
vol(G.,)

D52 (A, - )D; 2| = o(1)

n

where Jx x(x,y) =1 if (x € X and y € X) and 0 otherwise.

(v) There exist X C Q and a sequence €, which approaches 0 as n goes to

infinity such that the bipartite graphs G, satisfies the property that the
degree distribution p, converges to pu and for all S, T C V,

(vol(S N X)vol(T' N X) + vol(S N X)vol(T N X))
vol(G,,)

B(S,T) —

< epy/vol(S)vol(T)

where E(S,T) =" cser A(s, 1)
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7 Graphlets with rank 2

It is quite natural to generalize rank 1 graphlets to graphlets of higher ranks.
The case of rank 2 graphlets is particularly of interest, for example, in the sense
for identifying two ‘communities’ in one massive graph. For two graphs with
the same vertex set, the union of two graphs G; = (V, E1) and G2 = (V, E3) has
the edge set E = Ey U Ey and with edge weight w(u,v) = wy(u,v) + wa(u,v)
if w; denotes the edge weights in G;. We will prove the following theorem for
graphlets of rank 2.

Theorem 5. The following statements are equivalent for a graph sequence G,
wheren = 1,2,.... Here we assume that all G, ’s are connected.

(i) The graph sequence G,, = (V,,, A,,) converges to graphlets G(2, A) and I — A
has two nontrivial eigenvalues 1 and p € (0,1). Namely, or each n, I — A,
has all eigenvalues o(1) with the exception of two eigenvalue 1 and p,, where p,
converges to p.

(ii) The graph sequence G,, converges to the graphlets G = (Q, A) which is the
union of two quasi-random graphlets (of rank 1).

(i1i) The graph sequence G, converges to the graphlets G = (Q, A) where Q is a
measure space with measure p where ;1 = apy + (1 — a)pe for some o € [0,1]
and the Laplace operator A on Q satisfies

/ F@) (T — A)g(@)u(z)
—a /Q f @) () /Q g (@) + (1 - a) /Q F (@) () /Q o(e)a(2)

for any f,g:Q — R.

(iv) The degree sequence (dy)yev of Gy can be decomposed as d,, = d., + d!) with
dl, >0 and d] > 0. The adjacency matriz A,, of G, satisfies:

D, JD, D!'JD!
~ vol(GL)  vol(G!)

where vol(G;,) = -, di, and vol(G}) =", d..

1Dy (A, )D; 2| = o(1)

(v) There exists a sequence €, which approaches 0 as n goes to infinity such
that the degree sequence (dy)vev of G can be decomposed as d,, = d, + d!! with
dl, >0 and d}] > 0. Furthermore, for all S, T CV,

3 vol'(S)vol'(T) B vol” (S)vol” (T)

En(5T) vol(G%,) vol(G")

< epy/vol(S)vol(T).

Before we proceed to prove Theorem 5, we first prove several key facts that
will be used in the proof.
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Lemma 4. Suppose that integers d,,d. and dl), for v in'V satisfy d, = d., +d.!
and d!,d” > 0. Let D, D' and D" denote the diagonal matrices with diagonal

v v

entries dy, d and dl!, respectively. Then the matriz X defined by

D'JD’ D"JD"
X =D1/2 D12
(Vol(c;/) * vol(G“))

has two nonzero eigenvalues 1 and n satisfying

- dd! vol(G)
n=1- <Z 0 ) <vol<cf>vol<G”>>'

v

The eigenvector & which is associated with eigenvalue n can be written as

D/ D//
12 _
¢=D (vol(G’) VO](G”)) L

Proof. The lemma will follow from the following two claims.

Claim 1: ¢9 = D'/?1/,/vol(G) is an eigenvector of X and M = D~Y/2AD~1/2,
Proof of Claim 1: Following the definition of M, ¢¢ is an eigenvector of M. We
can directly verify that ¢g is also an eigenvector of X as follows:

D'JD" D"JD" 1
X — D—1/2
Po (vol(G’)+vol(G”)> wol(G)
:D—1/2 D' +D"——
( ) vol(G)
_ e D1
vol(G)
D'/?1

V/vol(G)

Claim 2: 7 is an eigenvalue of X with the associated eigenvector &.
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Proof of Claim 2: We consider

1 (DJD  D'JD"\ __,( D1 D"1
Xe=DY (vol(G’) * Vol(G”)) <V01(G/) - V01(G”)>
_ e < D1 1*D'D™'D'1 D1 1*D’D1D”1)
vol(G”) vol(G”) vol(G”) vol(G")
L D1 < Dp"1  1*D"D”'D'1  D"1 1*D”D1D”1>
vol(G") vol(G") vol(G") vol(G")
_p1e D1 (1*D’D1(D -D") 1*D/D1D”1)
vol(G") vol(G") vol(G")
D12 D"1 <1*D”D1D’1 _1'D"DY(D - D’)1>
vol(G") vol(G") vol(G"")

D1 D1 1 1
=D /? - 1-1*D'D'D"1
<vol(G’) vol(G”)) ( (VOI(G’) * V01(G”)>)
=n¢

as claimed.

Since X has rank 2 (i.e., it is the sum of two rank one matrices), and we
have shown that X has eigenvalues 1, 7, then the rest of the eigenvalues are
0. O

We now apply Lemma 4 using the fact that the normalized adjacency matrix
M = D~'/2AD~"/? has eigenvalues 1 and p = 1 — ;. Together with Theorem
3, we have the following:

Theorem 6. Suppose G is the union of two graphs G' and G"with degree se-
quences (d,) and (dl)) respectively. Assume both G' and G" satisfy the quasi-
random property P(e/2) (where P is one of the equivalent quasi-random prop-
erties in Theorem 8). Suppose the normalized Laplacian of G has eigenvalues
Ai=1—p;, fori=0,1,...,n—1 with associated orthonormal eigenvectors ¢;.
Then we have:

1. po = 1,
2. p1 satisfies

d.d vol(G)
—e<1l—p — <zv: dy > (vol(Gl)Vol(G//)> <e€

3. |pil <€ fori>1.

4. The eigenvector ¢y associated with A1 can be written as

D1 D"
_ D—1/2 _
¢1 (vol(G’) vol(G”)) tr
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with ||r]] < €, where D' and D" denote the diagonal degree matrices of G’
and G", respectively.

Theorem 7. Suppose a graphlets G = (Q,A) is the union of two graphlets
G =G1 UGy and G; are quasi-random graphlets. Then I — A has two nontrivial
eigenvalues 1 and n where 0 < n < 1 satisfies

o [ m@pa(r) o ope
! 777/9 () <u u>

where u; denotes the measure on §2;.

Proof. The proof follows immediately from Lemma 4 by substituting p;(v) =
d'(v)/vol(G") and ps(v) = d”(v)/vol(G”) in Lemma 4 and Theorem 6 before
taking limit as n goes to infinity. O

In the other direction, we prove the following:

Theorem 8. Suppose that the normalized adjacency matrix of a graph G has
two nontrivial positive eigenvalues 1 and p and the other eigenvalues satisfy
lpil <€ for2<i<n-—1. Then for each vertex v, the degree d, can be written
as d, = d, +dl, with d.,d > 0, so that for any subset S of vertices, the number

v v Y —

E(S) of ordered pairs (u,v), with u,v € S and {u,v} € E, satisfies

vol'(9)2  vol”(S)?

EB(S) - vol (G)  vol”(G)

< 2evol(S)

where vol' (S) = 3 cg di, and vol”(S) =3 g d.

Proof. Let ¢;, 0 <1 < n—1, denote the eigenvectors of the normalized adjacency
matrix of G. Let ¢g and ¢; denote the eigenfunctions associated with py = 1
and p;.

Since G is connected, the eigenvector ¢g associated with eigenvalue py = 1
of Mg can be written as ¢o = D'/?1/,/vol(G) as seen in [13]. The second
largest eigenvalue p; is strictly between 0 and 1 because of the connectivity
of G. Before we proceed to analyze the eigenvector ¢; associated with p;, we
consider the following two vectors which depend on a value a to be specified
later.

fi =aD1 — DY?¢;\/pra(l — a)vol(G)
f2 = (1 —a)D1+ DY2¢1\/pra(l — a)vol(G) (39)
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It is easy to verify that fi; and fo satisfy the following:

fi+ fa=
1J_<fl— f2 )
« 11—«

Z f1(v) = avol(G),
Z fa(v) = (1 — a)vol(G).

In particular, by considering (f1, D~ f,), we see that « satisfies

fi(v
1—
pr= (1—a Yvol(G Z

and we have

Cal—a) (S
1= plvol(G’)D v <a la)'

Claim A:
71/2f1fikD71/2 D71/2f2f2*D71/2
avol(G) (1 — a)vol(G)

D
body + p1o19] =

Proof of Claim A:
From (39), we have

D—l/ZfIfikD—l/Q D1/2JD1/2

ol G) o) T @ndier

Similarly, we have

1/2f f* —-1/2 D1/2JD1/2

(1—a)vol(G) == O‘)T((;) + api¢147.

Combining the above two equalities, Claim A is proved.

Now, we define two subsets X and Y satisfying

X = fo: i) < 0} = (a7 < on(ayy | L 22D
V=ly: foly) <0} = {y dlf? < o)y A }

Clearly X and Y are disjoint.
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Note that when a decreases, the volume of X decreases and the volume of
Y increases. If & = 1, X consists of all v with ¢;(v) > 0 and Y is empty. For
a =0,Y consists of all u with ¢;(u) < 0 and X is empty. We choose « so that

Sl = Y] IR0 (43)

rzeX yey

Here we use the convention that a subset X’ of X means that there are values
v, in {0, 1}, associated each vertex in X with the exception of one vertex with
a fractional ~y, and the size of X’ is the sum of all v,s.

Now, for each vertex v, we define d, and d!/ as follows:

fiv) ifv g XUY,
0 if v € X, (44)
dy ifveY.

d =

Also, we define d!/ = d, — d.,.

Claim B:
Z d) = avol(G)
Zd;’ = (1 - a)vol(G)

v

Proof of Claim B: We note that
> d, —avol(G) =Y d'(v) =Y fi(v)
= D (d,~ fi(v)

veEXUY

=Y 1A@I+ Y dy— fily)
reX yey

= Z |f1(@)] + Z f2(y)
rzeX yey

=Y h@l=> 1)
reX yeY

=0.

The second equality can be proved in a similar way that completes the proof of
Claim B.

For a subset S of vertices, let xs denote the characteristic function of S
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defined by xs(z) =1if z in S and 0 otherwise. We consider
0 <xxD'Y2MD'xy

< Xx D290 + p1167) DY 2 xy + €| D2 xx || |1DV 2 xv |

XX fifixy X5 fofaxy
B gfvol(lG) ta - a)fol(G) + ey/vol(X)vol(Y). (45)

From the definition, we have x% f1 < 0, x3-f1 > 0, x%/fo > 0 and x5 f2 < 0.
This implies

Xxfifixy  Xifefixy
ey/vol(X)vol(Y) > — ;(vol(lG) - (1 fa)vol(G)

_ [ xxAfixy ‘ Xx fafixy ‘
| avol(G) (1 — a)vol(G)
_ Mixx|volY) = fixy) | [f3xv|(vol(X) — fixx)
N avol(G) (1 — a)vol(G)
_ Mixx|(vol) +[f5xvl) | [f5xy[(vol(X) + | fixx)
N avol(@) (1 — a)vol(G)
lfixx] vol(Y)  vol(X)
= VSI(G)( a 3 -« ) (46)

by using (39) and (40). Now, we have

Vol(Y)+vol(X):a( VS(Y))ZH )<vol(X)>2

vol(X)vol(Y) (47)

by using the Cauchy-Schwarz inequality. Combining (46) and (47), we have

il = x| < $vol(@). (48)

Now we consider
D'JD" D"JD"

Z?) d; Zv dg .

R=A
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Then, for f = xg, the characteristic function of the subset S, we have
f*D/JD/f _ f*D//JD//f
>0, 2o dy
< F*DY2(¢od5 + prené7) D2
B f*D/JD/f - f*D//JD//f
>, >0 dy
ARV n [ fafsf [f*D'JD'f  f*D"JD"f

(f.Rfy = f*DY*MD"*f —

+2¢| D22

= avol(G) T (1—a)vol(G) X, d, S, d! + 2evol(9)
(S f)? = (fd)? () = (f*d")?
S @) T U apolg) T2V

where d’ and d” are the degree vectors with entries d), and d./, respectively.

Since f = xg, we have
(f*f1)? = (f+d)? < 23 vesnx | fi(v)[vol'(S) + > vesnx [f1(v) §
avol(G) - avol(@)
3evol(S)

IN

Similar inequalities hold for f» and d”. Thus, we have
(f,Rf) < 8evol(S)
The proof of Theorem 8 is complete. O

Theorem 9. Suppose G = (Q, A) is a graphlets and I — A has two nontrivial
eigenvalues 1 and p with 0 < p < 1. Then there is a value o € [0, 1] such that
(i) Q@ =y UQy where u(Q1) = a and p(Q2) =1 — a,

(ii) Q; has a measure p; satisfying

() = ¢1uw%

1—a

Mz(ﬂﬁ) = <P1

7

where 1 1is the eigenvector, with ||p1]|, = 1, associated with p.

The proof of Theorem 9 follows from the proof in Theorem 8 and Lemma 4.
Thus, we have (i) < (i7).

Proof of Theorem 5: We note that in the statement of Theorem 5, the implica-
tions (ii) < (iv) < (v) follow from the definitions and Lemma 4. Tt suffices to
prove (i) < (i) and (iii) < (iv).

The implication (i) = (4) is proved in Theorem 6, and Theorems 8 and 9
implies (i) = (i3).



To see that (4ii) < (iv), we note that if in a graph G,, in the graph sequence,
the degree sequence d, can be written as d, =d, +d for all v € V(G,,) where
d,,d! > 0, then by defining ,ul ( ) =d,/ >, d,, ,u2 ( ) =dy;/>, d and

v v
a=y d />, d,, wehave u, = ug Rt ug ). Furthermore, we can use the fact
that

1
/f = Ag@n(@) = om0 = Aa)g)u,
. Sl e = 30 J@p @) 3 g (@)
ueVy, vEV,
B fD/ JD//

The equivalence of (¢i¢) and (iv) follows from substitutions using the above two
equations and applying Theorem 3. Theorem 5 is proved. O

For graphlets of rank 2, there can be a negative eigenvalue —p of I — A in
addition to the eigenvalue 1. For example, bipartite quasi-random graphlets
have eigenvalues 1 and —1 for I — A. In general, can such graphlets be charac-
terized as the union of a quasi-random graphlet and a bipartite quasi-random
graphlets? To this question, the answer is negative. It is not hard to construct
examples of a graphlets having three nontrivial eigenvalues which is the union of
a quasi-random graphlets and a bipartite quasi-random graphlets. With addi-
tional restrictions on degree distributions and edge density, the three eigenvalues
can collapse into two eigenvalues. It is possible to apply similar methods as in
the proof of Theorem 8 to derive the necessary and sufficient conditions for such
cases but we will not delve into the details here.

8 Graphlets of rank &

In this section, we examine graphlets of rank k for some given positive integer k.
It would be desirable to derive some general characterizations for graphlets of
rank k, for example, similar to Theorem 5. However, for k > 3, the situation is
more complicated. Some of the methods for the case of k = 2 can be extended
but some techniques in the proof of Theorem 5 do not. Here we state a few
useful facts about graphlets of rank &£ and leave some discussion in the last
section.

Lemma 5. Suppose D is the diagonal degree matrix of a graph G. Suppose that
for allv in V, dv:Zf 1di(v), for d;(v) > 0,1 <1i < k. Let D; denote the
diagonal matrices with diagonal entries D;(v,v) = d;(v). Then the matriz X
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defined by
k

D;JD;
_ p-1/2 iJ L —1/2
x-p (3 25 »

i=1

has k nonzero eigenvalues m; where n; are eigenvalues of a k x k matriz M

defined by

M(i, ) = Z di(vc)ifj(v)'

v

Furthermore, the eigenvector & for X which is associated with eigenvalue n; can
be written as i

Ld;(v)dy ?
&i(v) =) i(f) "
jz:; VOlj(G)

where ¥; are eigenvectors of M associated with eigenvalues 1;.

Proof. The proof of Lemma 5 is by straightforward verification. Under the
assumption that ¢; M = n;p; for 1 <14 < k, it suffices to check that &X = n;€
for &;. The proof is done by direct substitution and will be omitted. O

Theorem 10. If a graphlets G(Q, A) is the union of k quasi-random graphlets,
then the Laplace operator A satisfies the property that I — A has k nontrivial
positive eigenvalues.

The proof of Theorem 10 follows immediately from Lemma 5.

Several questions follow the above theorem. If I — A has k eigenvalues that
are not necessarily positive, is it possible to find a decomposition into a number
of quasi-random graphlets or bipartite quasi-random graphlets? Under what
additional conditions can such decompositions exist? If they exist, are they
unique? Numerous additional questions can be asked here.

9 Concluding remarks

In this paper, we have merely scatched the surface of the study of graphlets.
Numerous questions remain, some of which we mention here.

(1) In this paper, we mainly study quasi-random graphlets and graphlets of fi-
nite rank (which are basically ‘sums’ of quasi-random graphlets). It will be quite
essential to understand other families of graph sequences, such as the graph se-
quences of paths, cycles, trees, grids, planar graphs, etc. In this paper, we define
the spectral distance between two graphs as the spectral norm of the ‘difference’
of the associated Laplacians. In a subsequent paper, we consider a generalized
version of spectral distance for considering large families of graphlets.
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(2) We here use [0,1] as the labels for the graphlets and the measure u of the
graphlets depends on the Lebesgue measure on [0,1]. To fully understand the
geometry of graphlets derived from general graph sequences, it seems essential
to consider general measurable spaces as labeling spaces. For example, for graph
sequences Cj, x C,,, it works better to use [0,1] x [0,1] as the labeling space,
instead.

(3) In this paper we relate the spectral distance to the previously studied cut-
distance by showing the equivalence of the two distance measures for graph
sequences of any degree distribution. It will be of interest to find and to relate
to other distances. For example, will some nontrivial subgraph count measures
be implied by the spectral distance (see the questions and remarks mentioned
in Section 5)7

(4) In the study of complex graphs motivated by numerous real-world networks,
random graphs are often utilized for analyzing various models of networks. In-
stead of using the classical Erd6s-Rényi model, for which graphs have the same
expected degree for every vertex, the graphs under consideration usually have
prescribed degree distributions, such as a power law degree distribution. For
example, for a given expected degree sequence w = (d,), for v € V, a random
graph G(w) has edges between u and v with probability pd, d,, for some scaling
constant (see [20]). Such random graphs are basically quasi-random of positive
rank one. Nevertheless, realistic networks often are clustered or have uneven
distributions. A natural problem of interest is to identify the clusters or ‘local
communities’. The study of graphlets of rank two or higher can be regarded
as extensions of the previous models. Indeed, the geometry of the graphlets
can be used to illustrate the limiting behavior of large complex networks. In
the other direction, network properties that are ubiquitous in many examples
of real-world graphs can be a rich source for new directions in graphlets.

(5) Although we consider undirected graphs here, some of these questions can
be extended to directed graphs. In this paper, we focus on the spectral distance
of graphs but for directed graphs the spectral gaps can be exponentially small
and any diffusion process on directed graphs can have very different behavior.
The treatment for directed graphs will need to take these considerations into
account. Many questions remains.
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