Research on Heat kernels and spanning trees

In a graph G = (V, E') with no multiple edges, the combinatorial Lapla-
cian L of G has rows and columns indexed by vertices of G, defined as follows.

dy—1, ifu=v
L(u,v)=¢ —1 if u and v are adjacent
0 otherwise

where [, denotes the number of loops at v and d, denotes the degree of v in
G.

One of the fundamental theorems in combinatorics is the matrix-tree
theorem due to Kirchhoff [4] which states that the number of spanning trees
in a graph is equal to the determinant of any principal submatrix of the
combinatorial Laplacian.

For a graph G, the combinatorial Laplacian has non-negative eigenvalues,
0=po < p1<...pp-1. The number of spanning trees, denoted by 7(G), can
be related to the eigenvalues of L (see [1]).

7(G) = % H i

i#0
In a graph G, let S denote a finite connected induced subgraph of G. The
combinatorial Laplacian Lg restricted to S is just

Lsf(v) =Y _[f(v) = f(u)).

ueS
u~v

for a function f : S — R and a fixed v € S.
Let k denote the maximum degree of GG. For ¢t > 0, the heat kernel h; of
an induced graph S is defined by

he = Y e MP,
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and P; denotes the projection into the eigenspace associated with eigenvalue
p; of Lg. In particular, hg = I, the identity matrix, and h; satisfies the heat

equation
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The trace formula in its most general form is
> h(wx) =) e (1)
We define the trace function:

Tr (h) = Ze"\it

For a connected induced subgraph S, we consider the (-function
1
C(s) = Z It
i£0 T

where \; ranges over all nonzero eigenvalues of %LS.
Therefore we have

—{'(0) = log H i (2)
i#0
where log denotes the natural logarithm.
The number of spanning trees can be related to the zeta function of G by
(see [2]):
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where £ is the maximum degree k. We consider
Tr*(he) = Ze"\it.
i#0
Because of the fact that
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we have the following:

) = 173 / T (e 3)
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We note that we also have the following Mellin inversion formula:
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Suppose S is an induced subgraph of the 2-dimensional lattice graph
P®). Tt was shown in [2] that for a connected induced subgraph S in the
2-dimensional lattice graph, the number of spanning trees 7(5) of S satisfies:
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(4e~0)ISI=1=00SI0-1/1S) < £(§) < L gSI-1g-a(lSl+oSP/1s]
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where v and [ are constants (independent of S).

Another result by using the heat kernel techniques is an improvement of
the previous result of McKay [5] on the the maximum number of spanning
trees over all k-regular graphs G,, on n vertices:

logn

1
c1—C" <max 7(G) < g
n n

CTL

where

(k — 1)k

= (k2 — 2k)k/2-1

and ¢; and ¢y depend only on k ( in some complicated formula). McKay
conjectured that the upper bound is the right order for max 7(G,,). Indeed,
it is shown in [3] that this upper bound is best possible within a constant
factor.

() < (1t o) ety ((ki’“_;?)k]g_l)

for a k-regular graph G.

It is desirable to improve the bounds in the preceding inequalities concern-
ing spanning trees. Indeed, it is of interest to investigate how zeta function
and the heat kernel relate to various other graph invariants as well.
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